Mathematics 1 Handouts: Week 3

Kronecker product of matrices

Polona Oblak

1. KRONECKER (TENSOR) PRODUCT

The Kronecker product (also a tensor product) of matrices A = [a;;] €
R™™ and B € RP*? is a mp X ng matrix

(luB algB Ce (llnB
A ® B GQTB CLQ?B Ce angB c Rmpan_
amlB amQB “e a/mnB

If A, B, C'and D are matrices of appropriate sizes, then

MHORA=A®0=0
2 a®A=A®a=aAforany a € R
(B) (td) ® B=A® (aB) =a(A® D)
4) (A+B)eC=AC+B®Cand A® (B+(C)=A®B+AxC
B) (A B)T = AT BT
6) (ARB)@C=A® (BxC(C).
(7) (A® B)(C ® D) = (AC) ® (BD).
8 A Blr = | All|B.
Q) IfAec R and B € R™ ™, then (A® B)"'= A" B™!
(10) If A € R™*" has eigenvalues )\, ..., \,, and B has eigenvalues i, . .., fi,,
then the set of eigenvalues of A ® B is equal to {\;x;}.
(11) If A e R™™ and B € R™*™, then tr(A ® B) = tr(A) tr(B) .
(12) If A e R™™ and B € R™*™, then det(A ® B) = (det A)™(det B)".
(13) rank(A ® B) = rank(A) rank(B)
(14) If A e R™" B e R"? and C € RP*", then

vec(ABC) = (CT ® A) vec(B).

2. FURTHER READING

(1) David A. Harville: Matrix Algebra From a Statistian’s Perspective,
Springer, 1997, Sections 16.1., 16.2. and 16.3.

(2) Roger A. Horn and Charles R. Johnson, Topics in Matrix Analysis,
Cambridge, 2006, Section 4.2.

(3) Charles F. Van Loan:The ubiquitous Kronecker product, Journal

of Computational and Applied Mathematics 123 (2000) 85-100.
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https://ucilnica.fri.uni-lj.si/pluginfile.php/128763/mod_resource/content/2/Kroneckerjev%20produkt.pdf

3. HOMEWORK

(1) Solve the quiz on Ucilnica.
(2) David A. Harville: Matrix Algebra From a Statistian’s Perspective,
Springer, 1997, page 368 (Exercises 1, 2, 3, 4, 14, 15, 16).


https://ucilnica.fri.uni-lj.si/mod/quiz/view.php?id=37453
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