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Digital filters

* Filters

* DeciBels and cutoff frequency
* Simple IIR lowpass filter

* Simple IIR highpass filter

* Simple IIR bandpass filter

* Simple IIR bandstop filter

* Second order IIR filter

* Linear-phase filters

* Linear-phase FIR filters

* (Additional materials)
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Filters

* Aim
To separate information in frequency domain by proper construction of frequency response of

LTI system. i.e., proper construction of transfer function of LTI system (amplitude and phase
characteristic)

* What is filter?

- A system that is altering signal (its frequency content) in an useful way

Course: 63744 Digital Signal Processing
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DeciBels and cutoff frequency

* Filter's amplitude response in linear scale and in dB
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Simple IR lowpass filter

* First-order IIR lowpass filter

Hy(z) = K2¥Z_ = KEEL oyl =ay(n=1)+K (x(n)+ x(n-1)

K - scaling factor to make gainof 1 at w=0, HL(1)=1, > K=(1-O)/2

Zero, z = -1, pole z = O

0 0.5 1

w /1

Course: 63744 Digital Signal Processing
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Simple IR lowpass filter

* First-order IIR lowpass filter

-1
1—
HL(Z):K1+Z_1:KZ+]‘ K:( OC)
1—az Z— 2
* Cutoff frequency @, from |HL(ej‘“)|2 = %

|H (eja))|2 _ (l—a)z <1+e_1:wc)(1+efwc.) _ l
g 4 (1—ae ')(1—ae’™) 2

2 a _ 1=sinw,
2 o =
1+« COS W -

* Design equation => COSw,. =

Course: 63744 Digital Signal Processing
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Simple IIR highpass filter

* First-order IIR highpass filter

-1
Hy(z) = K-—2_ = K
1—az

z—1
77—

y(n)=ay(n-1)+ K (x(n) = x(n—1))

K - scaling factor to make gainof 1 at w=m, HH(-1)=1, - K =(1+ Q) /2

Zero, z =1, pole z = O

|H ()
1
a 21
—
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Course: 63744 Digital Signal Processing
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Simple IIR highpass filter

* First-order IIR highpass filter

~1
— — 1+
HH(Z):Kl Z—1:KZ 1 K:(a)
l1—oaz Z—d 2
* Cutoff frequency @, from |HH(ej“’)’2 — %

* Design equation (again) => g =

Course: 63744 Digital Signal Processing
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Simple |IR bandpass filter

* Second-order IIR bandpass filter,

1
0 - X
5 - : . .
(1+z7')(1-2"") -' /(3 -.
H z) = K :? O ,,,,,,, 7\ @
wrl2) 1—2rcosf@z  +riz’ y(n) 0 ;
05 ‘) o
11—« 1-z7° :
H_ (z) = ... z-plane |
BP( ) 2 1 —/3(1+O{)Z_1+ az> 1 5 5 p-i
Hep(e'”)
where r = va, cosf = % ”
* Design equations T

12~ — B —m -

w . is center frequency (not cutoff): g = cosw, g} —F/OUET ]

2
1+ o

B is 3dB bandwidth: 2a = cosB i
|

Course: 63744 Digital Signal Processing
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Simple |IR bandpass filter

* Design a second-order IIR bandpass filter with center frequency, wc=0.4m, and
3dB bandwidth, B =0.1m

o] L oy ]
w., = 047 = B = cosw,. = 0.30901 o
2a éo:z- _
B=01lx = - = cos (0.17) Eof o o
1+a g0z
= «, = 0.72654, a, = 1.37638 ? ool .
1 o 1 _ Z_2 -1 -0.5 ReaIOPart 0.5 1
H_ (z) =
(2] 2 1-B(l+a) ' +az”’ x T
_ -2 1 : a, |
H,,(z) = 0.13673 ! _~Z —
1 —0.53353z "+ 0.72654 z £ :
Design equations: 8 = cosw, £
20:2 = cosB
1 + (04 15 1 Yy RealéPart 05

Course: 63744 Digital Signal Processing
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Simple [IR

bandpass
filter

* Second-order IIR
bandpass filter with
center frequency,
wc = 0.4m, and 3dB
bandwidth, B=0.1nt

oy

081 - X
06
0.4

02}

-0.21

Imaginary Part
(=]

-0.41
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08} T *
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Real Part
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Amplitude response
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Amplitude response [dB]

y Amplitude response of 2nd order bandpass filter
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Digital Signal Processing

Phase response [rad]

Group delay [smp]

Phase response of 2nd order bandpass filter
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Simple IIR bandstop filter
* Second-order IIR bandstop filter 1 T o
0.5 ol
1—-2cosfz '+z7° ' 3 /
H.(z) = K _ ; : :
BS<) 1_2rcosgz_1+rzz_2 y(n)_? 08
1+a 1-2Bz "' +z7° 03 g Lo
H g ) = -1 =2 -plane .. - O
2 1-B(1+a)z +az | £plane-..
-1 0 1
- zeros at @, poles the same as for H g,
where r = va, cosf = M 1
2va

* Design equations 142

w . is center frequency (not cutoff): B = cosw,

B is 3dB bandwidth:

> = cos B
1+« 0

Digital Signal Processing

Course: 63744
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Second order IIR filter

* Homework, visit the following site
http://www.earlevel.com/main/2013/10/28/pole-zero-placement-v2/

- Verify amplitude response of the second order IIR filter by manipulating the positions of zeros
and poles in the Z plane

- Write the corresponding transfer functions and difference equations for the selected positions
- Comment on causality

- In what case the filter becomes an FIR filter?

Course: 63744 Digital Signal Processing
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Second order IIR filter

* Example of exam task

A zero-pole diagram, given H(z) of discrete linear time-invariant system is following:

A m(2)
|z| =
Re (2)
> > >
(-0.75, 0) (0.5,0)

On the basis of the zero-pole diagram write the transfer function H(z) of this
system. Is this system stable? You have to justify your answer. Sketch also the

amplitude response of this system.

Course: 63744 Digital Signal Processing
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Linear-phase filters

* Causal FIR filters (real impulse response, h(n)) can have linear phase

- Impulse response, h(n), is of finite duration = can be symmetric

- If impulse response, h(n), is symmetric = linear phase

* Causal lIR filters (real impulse response, h(n)) cannot have linear phase

* - Impulse response, h(n), is of infinite duration = cannot be symmetric

- Since impulse response, h(n), is not symmetric = non-linear phase

linear phase filter non-linear phase filter

I 1 1 S T AW

| ARV VRN o

FIR IR

Course: 63744
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Linear-phase FIR filters

* It is possible to design an FIR filter with exact linear phase response

* A causal FIR transfer function H(z) of length M+1, order M,
M
H(z) = Y h(n)z"
n=0

has a liner phase, if its impulse response, h(n), is symmetric,
h(n) = h(M—n), 0<n<M

or antisymmetric

h(n) = —h(M—-n), 0<n<M

* For an FIR filter with a real impulse response, the zeros.of H(z) occur in
complex conjugate pairs

* Since the length can be even or odd, yields four types of linear phase FIR
transfer functions

Course: 63744 Digital Signal Processing
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Linear-phase FIR filters

* Symmetric and anti-symmetric FIR filters are almost the only one
to get linear phase

Odd length (M+1) Even length (M+1)
h{n] Typel: M =8

Symmetric T T
01

T Type lll: M =8

[t
Sﬁll

A Center of
symmetry
Course: 63744 Digital Signal Processing

Anti-symmetric (‘7 T
0 1

——--- Ol
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Linear-phase FIR filters

* Example of exam task
An impulse response of a digital filter is following: h(n) ={1, 0, -1}.
Is this filter with finite or infinite impulse response? Is this filter with linear or
non-linear phase? What is the order of this filter? Derive transfer function,
frequency response, amplitude response, phase response, and group delay
of this filter. Sketch zero-pole diagram, amplitude response, phase response,

and group delay.

Course: 63744 Digital Signal Processing
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(Additional materials)

* MATLAB and filter visualization and design tool (fvtool, sptool, fdatool)
* Classification of filters

* Simple FIR lowpass filter

* Simple FIR highpass filter

* Linear-phase FIR filters

* Linear-phase FIR filters, Type |, Type ll, Type lll, Type IV

* Zero locations of linear-phase FIR transfer functions

Course: 63744 Digital Signal Processing
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MATLAB and filter visualization and design tools

* FVTOOL

(fvtool, sptool, fdatool)

- Explore MATLAB's filter visualization and design tools
MATLAB

>> fvtool(b, a);

>>

>>

>>

>>

>>

sptool

fdatool

>> ..

Course: 63744

% Filter Visualization Tool

% Interactive digital signal processing tool

% Filter Design and Analysis Tool
% It design and analyze filters, and modify existing

% filter designs

M

—k
Z b,z
k=0

N

H(z) =

Digital Signal Processing
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Classification of [H(e’”)
filters

7 1 17 Lowpass
* Usual classification - //ﬁ LR
—TT —w, 0 €, /4
- Lowpass
- Highpass I F(e”)
- Bandpass L Highpass
- Bandstop ,é % .
* Desired - =W, 0 @, 7
- Amplitude responses |H ()
with constant-gain
. .. R~
passband characteristics = i - Bandpass
and with zero gain in their ,/// /‘/,
stop bands = _w/ e o Z. i 2]
2 0 —, W) g &y T
- Phase responses linear
L ()

1 Bandstop

Course: 63744  [Proakis, Manolakis] —7 —awyq 0 @0
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Simple FIR lowpass filter

* Moving average over two samples
hi(n) = {1/2, 1/2}

HL(Z) = %(1+Z_1) = Zz—-l-zl y(n)Z%(x(n)+x(n—1))
H,(z) = %Z—uz(zl/z_l_z—uz)
HL(ejw> — %e—ijZ(eijZ_Fe—ja)/Z)
H,(e’”) = e /2" cos(w/2)

\ ]a)/2 —]a)/2

- Delay of 1/2 sample
-Zeroat z=-1 (Pole at z=0)

Course: 63744 Digital Signal Processing
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Simple FIR lowpass filter

* Moving average over two samples
hi(n) = {1/2, 1/2}

z+1

H(2) = S(1+2) = 20

H, (e’”) = e ’"cos(w/2)

- Filters are characterized by cutoff frequency, @ -

defined as one half, 1/2, power point, or -3dB point

2= Jmax([H(e)]*) = [H|=—H

\/E max

[H(e'™)

|HL(ejw)| = cos(w/2)

w. = 2 arccos(%) = =

Course: 63744 Digital Signal Processing
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Simple FIR highpass filter

* Differentiating over two samples 1/ o h,(n)
hu(n) = {1/2, - 1/2} 2
-0—0—
n
1 1 z—1 1 -2 -1 2 3
H (z) = —(1—z = n)==(x(n)—x(n—-1
o) = 31=2) = Lyl =3 =o)Ly
H,(z) = %2—1/2(21/2_[1/2) /
H,(e’”) = je ’""sin(w/2) %
1
-Zeroat z=1 (Poleat z=0) k
- One half, 1/2, sample delay -
|HH(eJ )|
- Cutoff frequency W - 1
1 : We :
|H| = —=H,, Hy(e'”)| = |sin(w/2 V2 {===-=> SEEEE
o o] = Jsin(or2)] e
_ 1y _ gz . ! !
w. = 2 arcsm(ﬁ) =7 (again) w2 W
Course: 63744 Digital Signal Processing
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Linear-phase FIR filters

* Visit the following site
https://www.youtube.com/watch?v=KVOkWcknvc4

Course: 63744 Digital Signal Processing
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Linear-phase FIR filters, Type |

* Length M+1 (odd), order M (even)
h(n) = h(M—n)

* Symmetric

M

H(e’”) = ;)h(n)e_jw” =e M H(w)
— M M/2 M
H(w)= h(?) + 2; h(j—n) cos(wn)

* Pure real (from cosine basis)

* Phase response

* Group delay is constant

¢ dw 2
Course: 63744  [Oppenheim, Schafer] Digital Signal Processing

| Center of
< symmetry
|
T M M=4
2
300
3T
2 2af
=
| Bl o
o ! ! !

Rudinins

Radizn fregquency i o)

Rnlisn requency (o)
(]
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Center of

<~ symmetry

Linear-phase FIR filters, Type Il

ol fommmge
=
|

* Length M+1 (even), order M (odd) M
* Symmetric h(n) = h(M—n) &
M | ; T
H(e’”)=> h(n)e "= ™*"”? H(w) BT
n=0 15
_ (M+1)/2 M+1 E /—\/—\\ L
H(w)=2 Z h(——=-n) cos(w (n—=)) s
n=1 2 2 4
* Pure real (from cosine basis) Homework: o
(Always zero at) W=7 Verify that @7
for M=1 2t
* Phase response - Simple FIR J . . .
lowpass U T o
0lw)=—w M J -
2
* Group delay is constant (non-integer delay) _EJ
_—d8(w) _Mm
tolw)= do 2 —t—

]

Radian fraquency {u)

Course: 63744  [Oppenheim, Schafer] Digital Signal Processing
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Linear-phase FIR filters, Type Il e ey
I m=2
* Length M+1 (odd), order M (even) " i | !
* Anti-symmetric h(n) = —h(M—n)
5 I il
Z —]wn_Je—]Mw/2 H(C()) E
:0 [
M2 o B i
Z __n SlIl (a) n) Radian frquency -
* Pure real (from sine basis) E D\I\
(Always zero at) w=0 W=7 b
* Phase response (additional shift) = /2 a0 : | = i
Plo)=- oM
2 2 i
* Group delay is constant i,
_—dH(C())_M zuf\—
Tolw)= do 2 i ._'- L .

Course: 63744  [Oppenheim, Schafer] Digital Signal Processing
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Linear-phase FIR filters, Type Il

* Example, Type lll  h(n)={1, 1,0, -1, -1} ={h(0), h(1), h(2), h(3), h(4)}

={h(0), h(1), 0, -h(1), -h(0)}
* Anti-symmetric h(n) = —h(M-n), M=4

H(e’)=> h(n)e "=’ H(w) H(w)> Y (sin(wn))

= h(0)+h(1)e’” —h(1)e > —h(0)e*"
=e ?“(h(0)(e’?” —e )+ h(1)(e’” —e ')
=e ??j2(h(0)sin(2w) + h(1)sin(w))

jﬂ

H(e’")=¢e " e * 2 (h(0)sin(2 )+ h(1)sin(w))

2

H(a)):2§1 h(4—n) sin(w n) H(a)):—2a)+g rG(w):_d;a()w):Z

Digital Signal Processing e\

Course: 63744
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Linear-phase FIR filters, Type Il

* Example, Type lll  h(n)={1, 1,0, -1, -1} = {h(0), h(1), O, -h(1), -h(0)}

H(Z) ju— 1 + Z_l — Z_3 — Z_4 5 . . _ Phase response

H(z)=(1+z'+22)(1-27) AN

— Moving average over 3 samples followed by

the first order differentiator

M (1 _ Z_2> 2: \

-1
3 . . . . . . . . .
(1 - Z 0 01 02 03 04 05 06 07 08 09 1

Normalized Frequency (xx rad/sample)

Phase response [rad]
. o
w

H(z)=

Amplitude response

Group delay

0.8 ...__i.} . } 35k — ] 281+
0.6 S / \ 2|y
; B ol / ]
0.4 . ] / —24r
3 525 / . o
a 0.2 : 3 & \ 422t
= w =
& 4 = \ o
T 0 @ * @ el < 2t
g‘ T ©
@ -0.2 = o §
E 15 3 18
-0.4 . E )
-0.6 R : 1r 1
/ \ . 14t
O L 05t “ Ll
-1 -0.5 0 0.5 1 0 01 0.2 0.3 04 05 06 0.7 0.8 0.9 1 0 01 02 03 04 05 06 07 08 09 1
Real Part Normalized Frequency (x rad/sample) Normalized Frequency (x< rad/sample)
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Linear-phase FIR filters, Type Il

* Example of exam task h(n) ={1, 0, -1} = {h(0), h(1), h(2)}
={h(0), 0, -h(0)}

nti-symmetric (Type Il1) h(n) = —h(M-n), M=2

M . .
Z —]wn_eJH(a)) |H(eja)>|

=0

= h(0) + h(2)e > = h(0) — h(0)e > = 1—e >

=

e /7 (el —e717)

—e ’” j2sin(w)
H(e'")=e "¢’ 2sin(w) 0(a)):—a)+’—2T
[H(e")| = H(w) = |25sin(w)] —d6(w
()= dd@a() ) =1

Course: 63744 Digital Signal Processing
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Linear-phase FIR filters, Type IV ¢ o

Iar=1

* Length M+1 (even), order M (odd)

1
* Anti-symmetric h(n) = —h(M—n) y
M . . —_ E 1
H(e’") = Zh(n)e”w" je M H (w) i"/\
n=0 A
(M+1)/2 o T = i e
H(w)=2 h(—M+ —n) sin(w (n—l)) | e
n=1 2 2 10
* Pure real (from sine basis) § ]\
* (Always zero at) w=0 L
* Phase response (additional shift) 7/2 0 %
B(W)I—wM+J—t L0 "
2 2 |
* Group delay is constant (non-integer delay) .
_ —do (C() ) M ’ as
T G( w ) = do 2 ) . .

Course: 63744  [Oppenheim, Schafer] Digital Signal Processing
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Type |

Type

Type lll

Type IV

I Center of | Center of
< symmetry < symmetry Center of
| Center of 1 t
1 : 1 ,A/symmetry I symmetry
|
IHH R Sl e e
M M= n 0 M M=5 n o 1 l n 0| n
2 |
-1 _
. . . . ! LI .
Odd, symmetric Even, symmetric 0Odd, anti-symmetric Even, anti-symmetric
300 &an a7
2 12
. Cosine basis . Cosine basis Sine basis Sine basis
- 1 24 . 1
% K+Zcos(a)n) 4 ZCOS(LU(H——)) 3 . sin(w (n—=))
= 24 = 2 | Ei 2
= = A0 = 5
2 k! H] £
= -
1.2 15
' = - 3= = o = i = = @ B < i I L L + =
T gy ey © Rt froqueney () T Bdian fregueney () ©
i i Automatic zeros ) @
4 4 a0 A0
2 2 L5 L3
ot = o
: : L5~ 13-
4 é L i E ; = i > ol L L L AL L L 1 1
’ Radis frzquency {er} : : Radian frequency ) : z Radian frequency o) z 5_ Rndian frequency o] TI B
b i I:bl.J Y Lol i II:‘|I 5 [ ]
4 i k] 0 _
? 3 L5t sk
i B
) = n g
HE E 2 E o ';— Lo
= &
1 ! w5 K]
! l 1 i 2 7 I— —I .llr Ir e L L L - o ! | -
2 2 7 El 3 = . I = " = o

Reclinn frequency (w)
(=]

Radian Irequency fas)

[{d]

Radian frecquency (o)
icl

Fslian fracjuency (o)



...........
1

University of Ljubljana
Faculty of Computer and

Information Science

Linear-phase FIR filters

* Typical zero locations

Type | Type Il

- : T .
Can be Unit Jm z-plane Unit Im z-plane

¢ circle circle

highpass, 5 a
lowpass, O
bandstop, -~

L L — D D L R I._I
bandpass y e 2 \Ck j e
o

Cannot be
Type | automatic zeros 4 highpass
I — (a) (b)
[ =
Type lll Type IV
Il w=0,7 Unit
v 0 drde © |7 wplane z-planc
w =
AR
0
Cannot be /‘k 0 D'\ e o K. e
highpass, © Cannot be
lowpass, o lowpass
bandstop

Course: 63744 Digital Signal Processing
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Linear-phase FIR filters

* Typical frequency responses, H(w) H(e’") = p IMwl2 H(w)
TYPE | TYPE Il
1.2 T T 1 T .
1
0sl 0.5
0.6 1
K+Z cos(w n) o ] G = S Zcos(w(n—z))
0.2r _05
2 St 7
-0.2 : : : -1 : ' .
0 0.5 1 1.5 2 0 0.5 1 1.5 2
w/n w/n
TYPE Il TYPE IV
1.5 2 T

Y sin(w n) DI(_‘ /\/ D.;_ _ Zsin(a)(n—%))
-%?: @

-1.5 X : -0.5 3 : :
0 0.5 1 1.5 2 0 0.5 1 1.5 2

w/w w/n

Course: 63744
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Zero locations of linear-phase FIR transfer functions

* An FIR filter with a symmetric impulse response (Type | and Il)

h(n) = h(M—n)

M M
* Transfer function can be written as H(z) = Z h(n)z™" = Z h(M—n)z "
* If using m= M—n "= "=
M M M
Y h(M—=n)z" = D> h(m)z™" = z"> h(m)z"
n=0 m=0 m=0
M
since D> h(m)Z" = H(z)
m=0
-M -1
follows H(Z) = Z H(Z ) For Type Ill and IV
H(z) = —z"H(z)
* A real-coefficient polynomial, H(z), satisfying Antimirror-image
this condition is a mirror-image polynomial polynomial

Course: 63744 Digital Signal Processing
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Zero locations of linear-phase FIR transfer functions

* An FIR filter with a anti-symmetric impulse response (Type Il and V)

h(n) = —h(M—n)

M M
* Transfer function can be written as H(z) = Zh(n)z_" = —Z h(M—n)z™"
* If using m= M—n n=0 "0
M M M
> h(M-n)z" = =Y h(m)z™" = —z"> h(m)z"
n=0 y m=0 m=0
since D> h(m)Z" = H(z)
m=0
follows H(z) = —z"H(z )

* A real-coefficient polynomial, H(z), satisfying this condition is

a antimirror-image polynomial

Course: 63744 Digital Signal Processing
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Zero locations of linear-phase FIR transfer functions

* Type |l N .
(Degree M odd) H(z) = z "H(z )
H(-1) = (=1)" H(-1) = - H(~1)
= H(—1) = 0 Musthaveazeroat z=—1
* Type lll and IV H(z) — —Z_MH(z_l)
H(1) = = (1" H(1) = - H(1)
= H(1) = 0 Musthaveazeroat z =1
* Type Il

(Degree M even) H(—l) _ _(_1)—M H(—1> = — (—1)

= H(—1) = 0 Musthaveazeroat z=—1

Course: 63744 Digital Signal Processing °~
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Zero locations of linear-phase FIR transfer functions

* From the relations Type LII: H(z) = z“H(z"

TypelI,IV: H(z) = —z “H(z ")
* It follows
-If z=2z0isazero, z=1/z0 is also a zero
- Since h(n) isreal and zo is a zero, zo* is also a zero
- A complex zero that is not on the unit circle is associated with four zeros

- A complex zero on the unit circle is associated with two zeros as its
reciprocal is also complex conjugate

- A zero on the real line is associated with two zeros

- Zeros at 1 and -1 do not imply the existence of zeros at other specific points

°
Examples
15 5] 1 B 15 : 1 1
1 o ' 1
: 0.5 05 :
0.5 T = =
= B 05 .
g 05 o g E E E :
Fond nd :
= o R ] 0 E ofFe el o o [5] g 0of -0
=] c g} g o
g o g E-05 E E E
E£-03 E = =05 =05
) 0.5 _ :
il o -1
15 o -1 _ 15 : 1 !
- — -1 -0.5 o 0.5 1
1 0 1 2 1 05 0 05 1 -2 -1 0 1 105 R ? i 05 1 Real part
Real part Real part Real part eal pa
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