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Transform domain analysis of discrete-
time signals and systems, Il

* Transfer function of LTI systems

* Frequency response for rational system functions
* Finite Impulse Response (FIR) systems

* Phase delay

* Finite Impulse Response (FIR) systems

* Infinite Impulse response (lIR) systems

* Group delay

* Infinite Impulse response (lIR) systems

* Stability

* Review of LTI systems - the Big Picture

* (Additional materials)

Course: 63744 Digital Signal Processing
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Transfer function of LTI systems

* Linear Constant-Coefficient Difference Equations (LCCDE) are

- General to represent most useful systems, and implementable

- Linear, time-invariant, and causal with zero initial conditions

y(n) = =3 a, yin-k] + 3 b, xln—k)

* Transfer (system) function (Transfer characteristic) of LTI systems defined

by LCCDE
« M
b,z " Yy
H(Z) = Y(Z) — I;) k _ bo Z(N—M) ;{_:,1_( k)
X(z) N . a, =
1+Zakz ~-~(Z_pk)
k=1

k=1
* For causal systems (real ak and bk, or equivalently real h(n))

1. The roots of the polynomials are either real or complex conjugate pairs

2. The order of numerator cannot be greater than the order of denominator

Course: 63744 Digital Signal Processing
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Frequency response for rational system functions

* Transfer function, H(z), (rational function) of LTI systems

$m ~ z-plane
o M Unit circle z=el
bz " Z—2Z p
H()—Y(Z)_ ;;, ' _ b N—Mgl( o >/f‘\w
z) = X(Z) - N ) - a, Z N 1 Re
1+ 07 [T(-p. |/
k=1 k=1
Mo H(e') = H( >|z:e“”
_ b . ““(ejw_zk) J
Frequency response: H(e’”) = a—o ol @N-M) k;1
" ‘k_d_(ejw_pk)
. . i 0 =1
Hie®) =m0
p o L |ejw—zk‘
Amplitude response: | H(e’”)| = a—z k;l . , | io =M — 4
1 ‘e]w_Pk‘
k=1

Course: 63744 Digital Signal Processing

[Oppenheim, Schafer]
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Frequency response for rational system functions

* Transfer function, H(z), (rational function) of LTI systems

1
Unit circle

e Yx
H(e) = |H(e)]. e |/

b,
Phase response: Olw) = arg[ =} +w (N-M) + Z argle’“—z,] Z arg(e’’—p,}

a, k=1

Frequency response: H(e’”) = =2 g/®V" M)

M
H _Zk
N

-1

Operator arg (as opposed to <) means unwrapped phase

Course: 63744 Digital Signal Processing [Oppenheim, Schafer] °~
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Finite Impulse Response (FIR) systems

* The transfer function does not have any poles, exceptat z=0
filters

~

- Finite Impulse Response (FIR

M
) Z bkz_k M

M
H(z) = b = =20 = Y bt = b " [](e-2)
X<Z) —k k=0 k=1
1+ az
k=1

M
* The impulse response is of finite length h(n) = Z b, 5(n—k)

k=0

* Properties
- Impulse response, h(n), of finite duration, defined simply by bk coefficients

- Always stable (no feedback connection)

- Linear phase (can have linear phase) LCCDE equation (FIR)
- Larger number of coefficients needed

M
- Implementation using convolution sum y(n) = Z b, x(n—k)
possible, bk=h(k), k=0,1,2,...,N k=0

Course: 63744 Digital Signal Processing
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Finite Impulse Response (FIR) systems

* Example, recall moving average

1
1 h(n)='M
= M Z X 0, otherwise
1=0

* The transfer function is

H<Z): i h(n)z_":iM_lz‘”:1+Z—1+m+Z—M+1: 11-zM"
n=-e M = M 11—t
. (M-1) .
. 1 —Jo sin(M w /2) o . j6(w)
Hle™) =4 2 H(e’”) = |H(e'")|. €
)=y e sin(w /2) (/) = [H(e’)]
joy| — | 1 SiIl(Ma)/Z)‘ _ _M
|H(€ )|_‘M sm(a)/Z) H(a)) > o+ Tr

Course: 63744 Digital Signal Processing
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Finite Impulse Response (FIR) systems

* Example, recall moving average

M=8 . : i
H(e”) = [H(e’)]. e
1rs T
0.9 \\ Amplitude response
0.8 \
yo7 \I‘
gc.e \
E 0.5 \
£ os} I"‘-. 1
021 ‘ /"‘\/ 1
o1f II"'\.‘ f e H‘“‘\ — |
%0 o1 o2 ‘/al.s 04 05 06 07 08 09 \1
MNormalized Frequency (=« rad/sample)
e - |2y
M || sin(w/2)
11-z"
* The output, y(n) H(z) = —
put, y (z) M1

Course: 63744

_.w(M—l) .
H(ejw):ief : sm'(Ma)/Z)
M sin(w/2)
Al Phase response

Phase response [rad]
- o
/‘

0 0.1 0.2 03 04 05 06 0.7 0.8 0.9 1
Normalized Frequency (xr rad/sample)

(M—1)
2

0lw) = — W+ Tr

> y(n) = y(n=1)+ ~(x(n) = x(n-M))

Digital Signal Processing

- |



L

University of Ljubljana
Faculty of Computer and
Information Science

Finite Impulse Response (FIR) systems

* Example, recall moving average

1
= — <n<M-—
y(n) — M X(”_I) 0, otherwise
1=0
* The transfer function is
o0 M-1 -M
_ -n_ 1 —n_ 1 M+ _ 1 1—2z
H(z) —n;wh(n)z —anoz =1+z +..+z v T Fm z-plane
H( ) - il —r = i z (1 — Z_M) = L (ZM — 1) e T Unit circle
Mi-z' MM (1-2z") M " (z-1) ol a J
enth- \
* The zeros, z(k+1), can be written as 7 S%‘r%fgrh
/ \
27kl M | pole L1
Z(k+1) = e’ , k=0,1,.,M-1 i ;' Tie
\ /
/
* There are M zeros N /
D'\H‘ //U

*For k=0 wehaveazeroat z1=1

* This zero cancels a pole at p1=1

- |

Digital Signal Processing [Oppenheim, Schafer]

Course: 63744
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Phase delay

* Phase delay is negative phase response divided by frequency (i.e., phase response delay

in samples at a frequency point)
- The phase delay gives the time delay in seconds experienced by each sinusoidal

component of the input signal

—6(w)
Tp ( w ) — w
Phase shift
- For sinusoidal signal X (n) = Acos(won + q§) f fgrrzé?:nsshlﬂ)

Phase 0

y(n) = AlH(e™)] cos(wyn + 0 (w,) + @)

(
IR0 /R
NN/ \ y(n) = A|H(e’™)| cos(w,(n + (CUCZO))+ D)

\/\%\/ y(n) = AlH(e’™)| cos(wy(n = 7,(e,)) + @)

\ Phase delay

- Positive rp(a) ) means delay (causal) : I
in samples

W)

Course: 63744 Digital Signal Processing
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Finite Impulse Response (FIR) systems

* Example, recall moving average

H(e'”)=

1
M

(M-1)

— sin(Mw/2)
sin(w /2)

e

M=8
1 T 3 8 T T T
\ . 751
0.9r Amplitude response Phase response = 7} Phase delay
2r 2 65
08 _ E ol (Group delay)
0.7 Bl \ Lsst
\ = T sf
0.6 \ g . \ \ S ast
05 \ 8 0 \ \ \ g ar
\ S.c|
AN AN AN N5
\ o1 17
0.3F \ = T 25F
"'\. . * \ \ \ A\ % 2r
02r x/ B 1 \ | E 15}
0.1r \ / / \ _E\ \ - 0 ;
%0 o1 02 03 04 05 06 07 08 09 1 01 02 03 04 05 06 07 08 09 1 %0 01 02 03 04 05 06 07 08 09 1
Normalized Frequency (== rad/sample) Normalized Frequency (x= rad/sample) Normalized Frequency (=« rad/sample)
—0(w) M-1
‘ 1 |]sin(Maw/2 M-1 To(w)=—¢—= =3.5
|H(e“")|:|ﬁ ,(< /2)> olo) = - MU oy o 2
mn
sin( w —df(w)  M-1
(76(w) = = =3.5)
dw 2

* The output, y(n), constant delay, (M - 1)/2, at all frequencies

Course: 63744 Digital Signal Processing
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Finite Impulse Response (FIR) systems

* Example of exam task

Derive the frequency, amplitude and phase response of causal moving average filter over
three samples. Sketch the amplitude and phase response. Write the difference equation
of the filter. What is the delay of the output signal in samples?

Course: 63744 Digital Signal Processing
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Infinite Impulse Response (IIR) systems

* At least one pole does not cancel with a zero

- Infinite Impulse Response (IIR) filters

M M
b,z z—1Z
v Zh oy, e
H(z) = — . _ Do =
X(Z) i a,
1+Zakz J_J_(Z_pk)
k=1 k=1
* There is at least one term of the form ;1 JEN a"u(n)
1—az

* Properties
- Impulse response, h(n), of infinite duration, e.g., y(n) =0.5 y(n-1) + x(n)

- Feedback connection
- Can be unstable, e.g., y(n) =1.5y(n - 1) + x(n) LCCDE equation (IIR)
M
- Non-li h be close to li
on-linear phase (can be close to linear) y(n)= Z b, x(n—k)
k=0

- Lower number of coefficients needed

SRS

Course: 63744 Digital Signal Processing
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Infinite Impulse Response (IIR) systems

* Example, “leaky integrator”, the first-order lowpass filter:

y(n) = ay(n-1)+x(n), a=0.8 y(n) = 0.8y(n—1)+ x(n)
_ 1 _ b 1 _ bz _ _ _
Hiz) = l—az' @z (1-08z"  a z—08’ 270 p=08 a=d

Zero-pole plot

* Transfer function, zero-pole diagram 0;
0.6
b £ 0.4+
0 5 ool
H (Z) — — : 0.2
1 —_ aZ g 1 T B B
k=) >
E 0.2 F a
bo - -0.4 -
H (Z) = -1 0.6
1—-0.8z val
2 S

_ h Real Part .
Course: 63744 Digital Signal Processing e~
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Infinite Impulse Response (IIR) systems

* Example, “leaky integrator”, the first-order lowpass filter:

y(n) = ay(n—-1)+x(n), a=0.8

1 boZ 1 _ bO

y(n) = 08y(n—1)+ x(n)

VA
H(z) = —— = = = — = — z,=0, p,=08, q,=1
1—az' a z (1-0.8z7") a, z— 0.8’ ’ ’
16 Ampllitude resplonse
° Frequency response L
12t Amplitude response
. b e jo % 10+
0 w
H(ejw): ( jo ) ES_
e —d & 61
RN
. © AN
* Amplitude response (b, = 1) =
£ or
. Sl
. b |e”"|
0 al
| e — da | o 0.2 0.4 0.6 0.8 1
Normalized Freguency (xx rad/sample)
Course: 63744 Digital Signal Processing
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Infinite Impulse Response (IIR) systems

* Example, “leaky integrator”, the first-order lowpass filter:

* Frequency response

: b,e’”
H (e qu> — m a=2038 . Amplitude response
e’"—a ' ' '
* Amplitude response | Amplitude response
|H jo |_ b |e | % \
e’ ~al 5 o
* Normalization factor, bo E AN
E 10+ ™
H(ew)|= 2lel
| e Jw a | -15 +
: b, b, —_—
H(ejw> = |1_a| = |1 —O.8| =1 20, 0.2 _ 04 0.6 08 1

Normalized Frequency (= rad/sample)

b, = |1-0.8]

8l = 0.2
Course: 63744 Digital Signal Processing °~
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Infinite Impulse Response (IIR) systems

* Example, “leaky integrator”, the first-order lowpass filter:

* Frequency response

. b jo Phase response
H(e')=—" —  4=08 “ ' | ' |

(e’”— a) |

* Phase response E :

i ]

5 ]
. . =

0lw) = argle’”} — argle’”—al g _
o

0(w)= w — arctan SN @ 1

cosw — a

1 1 1 1 I
0 0.2 0.4 0.6 0.8 1

Normalized Frequency (<« rad/sample)

Course: 63744 Digital Signal Processing
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Infinite Impulse Response (IIR) systems

* Example, “leaky integrator”, the first-order lowpass filter:
* Phase response Phase delay
sin w

0(w)= w — arctan T w) =
Ccosw — a

Phase response

Phase delay

Fhase response [rad]
Phase delay [samples]
L]

-1 | | i i 0 | ! | T
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Normalized Frequency (=« rad/sample) Normalized Frequency (== rad/sample)

Course: 63744 Digital Signal Processing
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Group delay

* Group delay is the negative first derivative of the phase response (i.e., rate of change of
the phase response at a frequency point)

- The group delay gives the time delay in seconds of narrowband frequency packets of the input signal

—db(w)
dw

7o (w) =

- For linear phase responses, the group delay and the phase delay are identical

- Consider a broadband signal as a superposition of narrowband signals (frequency packets) with different
center frequencies

— Non-linearity of the phase response results in a dispersion in time of the frequency packets in the
output signal

Course: 63744 Digital Signal Processing e~
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Infinite Impulse Response (IIR) systems

* Example, “leaky integrator”, the first-order lowpass filter:

* Phase response

0(w) =

sin w
cosw — a

(v — arctan

Phase response

Phase response [rad]

Phase delay and group delay

0.2

Il
0.4

0.6

Il
0.8

—6(w) _ —db(w)
(o) = 222 g (w) =
P W dw
A Phase delay, group delay
— 3.5 _Illl T
g 31| .
A |
> 25F | i
i u,
- 2L i
=1 \
=
B 15f .
cn
%‘ 1r "'-\ Phase delay 1
z \ Group-delay
E U 51 \-"\\/ T
m hY
L
o ok \\\‘_x- ——
03, 0.2 04 0.6 0.8

Course: 63744

Normalized Freguency (<= rad/sample)

Digital Signal Processing

Normalized Frequency (= rad/sample)
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Infinite Impulse Response (IIR) systems

* lllustration of effects of group delay and attenuation
* Amplitude response of IR system

Frequency Response Magnitude
| [ [

Magnitude (dB)

| A

0 02w 04 m 06w 08w T 1.2 7 147 1.6 7

Radian frequency (w)

* Input signal

x(n) = x,(n—M-1) + x,(n—2M-2) + x,(n)

x,(n) = w(n) cos(0.257 n)

(n)

(
X, w(n) cos(O.Snn—g)
X3 (

(n) = w(n) cos(0.857n + Jgt)

_]0.54 —0.46cos(2xn/M), 0<n<M
w(n)= L A

-1 1 L 1 Il
. 0 50 100 150 200 250
0, otherwise
Sample number (n)

Course: 63744 Digital Signal Processing
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Infinite Impulse Response (IIR) systems

Spectrum of |nput 5|gnal x(n
20

1

U\

1

O

| X(e™)|

wn

1

|

|

0 027 047 06w 08w ™ 12« 14 2w
Radian frequency (@)
>%<:1pul Signal x[n]
T ( I | |
x,(n) X,(n) Input signal, x(n)
=
-
| | | | | ]
100 150 200 250 300 350 400

Sample number (n)

Output Signal y[n]
1 T T T T T T T
P Output signal, y(n)
— x5(n)
= 0 o
=
-05 I I Delays
l
1 I 1 I I T I |
0 50 100 150 200 250 300 350 400
Sample number(n)

Magnitude (dB)

Amplitude response
\ =y

N L

0 02w 047

067 087w g 127 l4xw 167 18w 2%
Radian frequency (@)

Group delay

S E &

Group delay (samples)
3

il ]

] | 1 | | 1 1

0 027 04w

x,(n): @, =0.25 7, Delay of x,(n)
x,(n): w, = 0.50, Delay of x,(n)
x5(n): w, = 0.85m, Delay of x.(n) ~

Attenuation ?

Processing

06w 08« m 127 l4n 1.6 7 187 2w
Radian frequency (w)

215 samples
70 samples

45 samples

-

[Oppenheim, Schafer]
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Stability

* A causal LTI system is BIBO (Bounded Input Bounded Output) stable if and only if its
poles are inside the unit circle

Bouded Input Bounded Output:
HBX’By: |X(n)|<BX<OO, |y(n)|<By<oo

Course: 63744 Digital Signal Processing
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Stability

* Example of exam task

Causal linear time-invariant system has the following transfer function:

1 +l 72
2

Find the difference equation of this system. Determine the zeros and poles of this system.
Sketch the zero-pole diagram in the Z plane. Is this system stable in BIBO sense? You have
to justify your answer. Sketch also the amplitude response of this filter.

Course: 63744 Digital Signal Processing
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Review of LTI systems - the Big Picture

IR y(n) =x(n)* h(n) DTFT
, X(e')=3 x(n)e /"
x(n)*h(n) ]‘*KIII ]
| ||!|IT’|"|“.‘*H i IDTET
i -
() x(n)Z%[ ] x(e)erdo
rT]H“”“IH _
¢ ZT
1 0
o Rl ECE)
LCCDE R e 4
y(n)==> a,y(n—k)+ >, b,x(n—k) -
k=1 k=0 >
ST | Rl e DX
a +zjg;l 1 ijy(n—j)(—-)z bz 'Y(z)

] <
) 1ZT

Digital Signal Processing

|
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(Additional materials)

* Finite Impulse Response (FIR) and Infinite Impulse Response (lIR) systems
* Finite Impulse Response (FIR) systems

* Geometric interpretation

* Infinite impulse response (lIR) systems

* Stability

* Phase delay, group delay, MATLAB

* Stability, MATLAB

Course: 63744 Digital Signal Processing
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Finite Impulse Response (FIR) and Infinite Impulse Response (IIR)
systems

* FIR filters
- If all the ak coefficients are zero

* The output depends only on a finite number of values of the input.
Termed also as all-zero, or moving average (MA) filters.

M
—k
* |IR filters Zbkz
L H(z) = —=%5
- If at least one of the ak coefficients is nonzero: - Z "
(a) Autoregressive (AR) filters il

If all of the bk coefficients except bo are zero, the output depends only on the current value

purely recursive, or autoregressive (AR) filters. The term “autoregressive” means that the
output is approximately a sum of its own past values.

(b) Autoregressive, moving-average (ARMA) filters

Both ak and bk coefficients are nonzero, with N > 1 and M > 0.
Also termed as pole-zero or autoregressive, moving average (ARMA) filters.

Course: 63744 Digital Signal Processing °~
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Finite Impulse Response (FIR) systems

'Example h( )_ an, 0O<n=<M-1
Consider the finite impulse response, h(n) n)= 0, otherwise

M=8, |a|] <1
. . 0 M-1 1 . aM Z—M
- The transfer function is H(Z): Z h(n)z_": Z q"z "= —
n=-—oo n=0 ]. — dadz
- Assuming that a is real and positive, the zeros, z(k+1), can be written as
i2xk |/ M
Ziey) = ae’ T, k=0,1,..,M-1
-For k=0 we haveazeroat zo=a
- The zero cancels the pole at p1=a Jm Z-plane
- The output, y(n), can be written as [, Unit circle
M-1 o A)
y(n) =2, a*x(n-k)  y(n)=ay(n=1)+x(n) - a"x(n-M) /[ /Samw
k=0 pole

- To plot zeros and poles, amplitude and phase
response, and phase and group delay,
use MATLAB. ROC?, Stability?

Course: 63744 Digital Signal Processing
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Geometric interpretation

* The amplitude of frequency response, Im(2)
|H(e'”)| , is product of length of vectors \
from zeros, Vk, divided by product of
lengths of vectors from poles, Uk

Y | M Unit circle
PSR L Y] M
H(e")=| 2| 5 = 2|4

H|em ‘ HUk Jm)

k=1 k=1

* The phase of frequency response,
0 (CU) is sum of angles @, of vectors
from zeros, minus sum of angles D,
of vectors from poles

b, N .
9( )—arg{a j+ W(N M + Zarg _Zk}_ Zarg{e““—pk}
bo . k=1
0(w)=arg[—2+w(N-M) +Z@ - > @, ()
ag k=1 k=1

Course: 63744 Digital Signal Processing [Proakis, Manolakis] e
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Geometric interpretation

Im(z)
* Example y(n)=08y(n—1)+x(n) 4
1 z AN z
H(z) = =
) = T Tos T 7m0 4
| jo Re(z)
H(e]w):—jwe
e’ —0.8
z,=0, p,=08
|H(eja))|_vl(ejw): '|ej°”| .
U1<e]a)) |e](l)_0.8| |H(O)|:ﬁ:5
; 1
H(e’?)| = T :L:
[H(e)] J1.64 — 1.6cosw [H(Z)|= 571 =14

in
0(w)= w — arctan L -
cosw — 0.8
For a demo see: https://engineering.purdue.edu/VISE/ee438/demos/
Course: 63744 Digital Signal Processing

o4 b 4 T I
g Oy 3
R-
0(w)
X
2L
0
XL
2
—.J'r— \ ;
~T T o £ Z
- 4 2

[Proakis, Manolakis]
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Infinite Impulse Response (IIR) systems

* Example, 2™ order IIR system, a digital resonator

* Transfer function
2
b 7 jo

H(z):—o , z,=0, p,=re’™ a,=1
a, (Z_p1)(z_p2) b b ’
Z2 1 bo
H(z) = b, — =
(2) "Z(1-pz)1-p,z") (1—rez)1—re "z
b
H<Z) = (i Im(z)
1—(p1+p2)zl+p1p222 J
b,
H(z) = J 2
(2) 1—(2rcosw, )z ' +r’z™" ’
\ Real numbers wy
> Re(z)
* The output, y(n), can be written as oy
P

y(n) = (2rcosw,)y(n—1)—r’y(n—2)+ byx(n)

Course: 63744 Digital Signal Processing [Proakis, Manolakis] °~
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Infinite Impulse Response (IIR) systems

* Example, 2" order IIR system, a digital resonator

b 22 +i \/E
H(Z): — s Z :0, p :re‘fwo, a :1, r=—, w — 1
a, (z—p,)(z—p,)” " b2 0 2’ 0Ty
H(z) = b, —— = 1b° - 2 y(n)=y(n—1) - 05y(n—2)+ b,x(n)
1—(2rcosw,) z  +r'z 1—z'+05z2
* Transfer function SR
1— I- I .I
b, zz 0.8
H(z) = — 0 — Eg .
(z-re/™)(z—re ") o %
%‘ Uz .............. .................................... {}Zwo ..............
b,zz 2 02} < Yo
H(z)= D _ - .
” (Z—erz)(z—ge_jz) Zs S
2 2 o8| ) )
1l i
1 0.5 tl'.l 0.5 1
Real Part

Course: 63744 Digital Signal Processing




|Hie

Course: 63744

University of Ljubljana
Faculty of Computer and
Information Science

Infinite Impulse Response (IIR) systems

* Example, 2" order IIR system, a digital resonator

2

; /2
H(z) = =2 , 2,,=0, p,=re’™, a,=1, r=-—=, w,==%
a, (z—p,)(z—p,)” b2 ° 2 0Ty
H(z) = =2 5 )= y(n-1) - 05y(n-2)+ byx(n)
1—(2rcosw,) z " +rz 1—z +05z
* Frequency response Amplitude response
- b,e’” e’ T T
H(e'')= —— o 7
(ej —re 0)(ej —re 0) _ et Amplitude response
* Amplitude response (b,=1) s
5 2
jw>|: ‘ bo .|ejw||‘ejw| | ’ bo ' ? ot \
le/o—rel™|le/—re 1|  U,(e!”) U,(e’) g \\
E- 4 \\\
joy _ \/ 2 < l ™~
U,(e’) = V1+r° —2rcos(w,+w) . S~
Uz(ejw) = \/1+r2—2rcos(a)0—w) 10001 02 03 04 05 06 07 08 08 1

Normalized Frequency (= rad/sample)
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Infinite Impulse Response (IIR) systems

* Example, 2" order IIR system, a digital resonator r=
* Frequency response b,el”el”

H(e’") = _ . , .
(e™) (e!’—re’™)(e!"—re ™)

* Amplitude response

b, le’]le’”]

|H(e'?)| = — : . —
|e’w—re]w° e’w—re T Amplitude response
2 . . . . .
* Normalization factor, bo of /_
H<ejw0) _ b, ‘ejwo A , g j,_ \ Amplitude response
‘ejwo_rejwo ejwo_re_jwo g el <
=}
H(e'™)| = b o s |
|1—r||1—re J20 e \
E‘-12—
H(e'™)| = b, —1 < .l \
1—r)W1+r’=2rcos(2w 6] T ]
0 .
\/E 1 \/E 8 01 02 03 04 05 06 07 08 09 1
bo = (1—7) 1+§—2—COS(2f) = (0.3587 Normalized Frequency (== rad/sample)

2
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Infinite Impulse Response (IIR) systems

* Example, 2" order IIR system, a digital resonator r=
* Frequency response b, e’ el

H(e’”) = , . . .
(™) (e/“—re’™)(e!"—re ™)

* Phase response

O(w) = argle’”) + argle’”] — arg{e’"—re’”] — argle’"—re "]

Phase response

1.5
Olw)=ow+o-d(w)— ®,(0)
1 -
. . =)
@( ) " [smw—rsma)o £ 05y
w ) = arctan Y
1 i
COsw — I cosw, ¢ Phase response
5 . /
v e
sinw + r sin w, B oost e
®,(w) = arctan| £
COSw — I COS W, \ e
1F . -
\L_ -
=13

0 D1 02 03 04 05 06 07 08 09 1

Normalized Frequency (= rad/sample)
Course: 63744 Digital Signal Processing
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Infinite Impulse Response (IIR) systems

d o o
* Example, 2™ order IIR system, a digital resonator r=-, 0= %
* Phase response
sinw — r sinw, sinw + r sinw,
0(w)=w +w — arctan| | — arctan|
COSw — I COSw, COSw — I COSw,
—0(w
Phase delay o(w) = CE) )
e Phlase TFSPOQSE - Phase delay, group delay
1t E 2+
. £
o o 15}
£ 05¢ = Phase delay
I —
g o Phase response P a w,{
E A / gj 05k 'H.E_‘H\HHH--
E -0.5 /,/'/ ,_:'U" -_““"H-_HH
o -~ % = e
N 7 u
1 \\‘x,___ / g |
-1.5 : : : : L L L L L -1 L L L L L L L L L
0 0.1 02 03 04 05 0.6 0.7 08 0.9 1 0 0.1 0.2 03 04 05 0.6 0.7 0.8 0.9 1

Normalized Frequency (=<« rad/sample) Normalized Frequency (=« rad/sample)

- |
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Infinite Impulse Response (IIR) systems

d o o
* Example, 2™ order IIR system, a digital resonator r= % W, = %
* Phase response
sinw — r sinw, sinw + r sinw,
0(w)=w+ o — arctan| | — arctan|
COSw — r cosw,, COSw — r cosw,,
Phase delay and group delay
Phase response
13 ' ' ' _ —6(0)) ( ) _ _de(a))
Tp(w ) - 7] Tg\w) = dw
1 -
_ - Phase delay, group delay
& w2t /™
5 Phase response = /\ Group delay
2 o A : [\
®oost e o \ Phase delay
o ’/ o ".-_II'_\-\--""--\.\_\_
- % ““I'\ “\.
1 \\\R__ .---'/./ cEm ."\.‘ Ké
—
-1.5 : . . . " . . . . = \ —
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1 o ",
Normalized Frequency (=« rad/sample) o \\
T
-1 . _

0 0.1 0.2 03 04 05 06 07 0.8
Normalized Frequency (xr rad/sample)
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Stability

* An LTI system is said to be Bounded Input Bounded Output (BIBO) stable if and
only if every bounded input produces a bounded output

HBX’By: |X(n)|<BX<OO, |y<n)|<By<oo

<
=
A
[
—
»
<
=
i
w
SN~—

ly(n)| = B, 2. [n(k)| < B,

k=—o0
o0

* An LTl system is stable ( B, < o) if and only if Z |h(k)| < o
k=—o0

— (Absolute summability of h(k)
implies the existence of DTFT)

* The system can give meaningful output only if it is stable

Course: 63744 Digital Signal Processing
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Stability

* A transfer function does not uniquely specify a system (need to know ROC)

* Properties of system suggests properties of ROC
- For causal LTI systems (right sided), the impulse response satisfies the following condition

h(n) = 0, for n<o0
- ROC for finite-duration impulse responses (z plane, except z = 0)

%

Causal
T Entire z-plane
i T T Te S / exceptz=0
7

0 n

- ROC for infinite-duration impulse responses (|z| > r)

Causal
NTT Tte....

* An LTI system is causal if and only if the ROC of the transfer function is the exterior of circle
of radius r < oo, including the point z = o (1.)

Course: 63744 Digital Signal Processing [Proakis, Manolakis]
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Stability

* Stability of an LTI system expressed in terms of the characteristics of the transfer

function, H(z)
* A necessary and sufficient condition for an LTI system to be BIBO stable is

S h(K)] < o

k=—w

* This condition implies that H(z) must contain the unit circle within its ROC

Since H(z) = Y hin)z”
follows H(2) = | X h) 27| = X [hm) 27 = 3 [n(n)]] 2]
Evaluating on the unit circle (|z| =1) — |H(z)] < Y |h(n)| - |H(e’")| exists

— The unit circle is contained in the ROC of H(z) — (DTFT exists)
* An LTI system is BIBO stable if and only if the ROC of the transfer function, H(z), includes the

unit circle (2.)

Course: 63744 Digital Signal Processing
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Stability

* A causal (1.) LTI system is BIBO (Bounded Input Bounded Output) stable (2.) if and
only if its poles are inside the unit circle, |px| <1, fork=1,2,...,N

- The region of convergence (ROC) cannot contain any pole since H(z) is infinitely large at any
pole

- (1.) An LTI system is causal if and only if the ROC of the transfer function is the exterior of
circle of radius r < oo, including the point z = «©

- (2.) An LTI system is BIBO stable if and only if the ROC of the transfer function, H(z), includes
the unit circle

Bouded Input Bounded Output:
3B,,B,: |x(n)|<B,<w, |y(n)|<B,<w

y

Course: 63744 Digital Signal Processing
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Stability

* An LTI system with poles on the unit circle is not stable (marginally stable)

* It produces an unbounded response when
excited by an input signal that also has a

pole at the same position on the unit circle > y(n)
* Example, determine the step response of
the following causal system
y(n) = y(n—1) +x(n)
The transfer function H(z) = % contains a pole at z=1 (unit circle)
1—-z
Input signal, X (n) = u (n) unit step signal
The Z transform of x(n) X(z) = ;1 also contains a pole at z=1
1—2z
. 1
Since Y(z) = H(z) X(z) = W adouble poleat z=1
- Z
The inverse Z transform y (n) = (n + 1) u(n) which is a ramp sequence

Course: 63744 Digital Signal Processing
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Phase delay, group delay, MATLAB

M
b 7k
N ma)emn) e (-2
Hlz) = =5 = K )= pa) - (1 p)
1+ Z akz_k ! ’ N
k=1
* MATLAB
>> [b, a] = zp2tf(Z, P, 1); % Convert Zero-pole-gain parameters to Transfer function
>>

>> [h, w] = freqz(b, a, 512);

>> [phi, w] = phasez(b, a, 512);

>>

>> [phd, w] = phasedelay(b, a, 512);
>> [gd, w] = grpdelay(b, a, 512);

>> plot(w/pi, phi, w/pi, phd, w/pi, gd);

>> ..

Course: 63744

% h - Frequency response, w - corresponding frequencies

% phi - Phase response, w - corresponding frequencies
% phd - Phase delay, w - corresponding frequencies

% gd - Group delay, w - corresponding frequencies

% Plot Phase response, Phase delay, Group delay

Digital Signal Processing
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Stability, MATLAB

M
Z bz ¥

H(z) = k=0 = K
< k (Z_pl)(z_pZ) (Z_pN)
1+ Z a.z
k=1
* MATLAB
>>
>> [b, a] = zp2tf(Z, P, 1); % Convert Zero-pole-gain parameters to Transfer function
>>
>> flag = isstable(b, a); % If the poles are inside the unit circle, flag = true
>>

Course: 63744 Digital Signal Processing
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