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Fourier domain, Il

* Determining the output of an LTI system in frequency domain
* Frequency response of LTI system

* Frequency response of LTI system, example

* Frequency response of LTI system

* Frequency response of LTI system, example 2
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Determining the output of an LTI system in
frequency domain

* Response of LTI system in time domain (convolution in time domain)

y(n) .
xn) — h(n) — y(n) = x(n)*xh(n) = >, x(k)h(n—k)

k=—w

* Frequency domain relationship for determining the output of an LTI system

— Convolution in time domain becomes multiplication in frequency domain

X(ejw) —> H(ejw) _»Y(ejw> Spectrum of the output signal

Y(e’”) = H(e’”). X(e’”)

' X Output signal
Y(e'”) = DTFT[y(n)]

Course: 63744 Digital Signal Processing
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Frequency response of LTl system

* Impulse response h(n) completely describes LTI system

o0

xn) — h(n) —— y(n) = x(n)*h(n) = >, h(k)x(n—k)

k=—

* Complex sinusoid as input signal X(n) = e = Cos(a) n) +j sin(a) n)

y<n>=_ih i

yln) = k=—o0

Frequency response of LTI system is the DTFT
of the impulse response h(n) of the system

<
~
|
—
—
-
o
d
S
=~
g
=

y (n) = H(ejw) el Output is sinusoid scaled by DTFT of h(n) at w

Course: 63744 Digital Signal Processing
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Frequency response of LTIl system

* If the input signal is complex sinusoid X (n) = e’""
ja)n i j jown
e — H(e’”) —— y(n) = H(e'"). ¢’
* Since frequency response is H(e’”) = Hp(e’”)+jH,(e’”)
. . i 0
H(e!”) = |H(e’)]. e’ () (polar notation !)

where | H(e'”) | is amplitude response (gain) of the system

0 (w) is phase response (phase shift) of the system

follows:  y(n) = |H(efw)‘ . ef(w”” 0(w))

The output of the system with impulse response h(n) is the same sinusoid
scaled by | H(e’”) | and phase-shifted by 0 (w)
where H(e’”) = DTFT[h(n)]

Course: 63744 Digital Signal Processing
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Frequency response of LTIl system

* In practice signals, x(n), h(n), are real

* Example
x(n) = Acos(w,n+ ®)
(Derivation) , .
X(n) — %(@J(Won+@)+€_1(a}0n+@))
x(n) = %ej¢ejw°"+ %e_me_m‘)"
y(n) = %e"@H(ej”") e’ + %e_jqu(e_jw“) e 1

Forreal h(n) = H(e ') = H (e’”) =| H(e’*)|e 1

Output: y(n) = A|H(e’")| cos(w,n+ @+ 6 (w,))

Gain / Phase shift /

Course: 63744 Digital Signal Processing
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Frequency response of LTIl system

* Passing a real sinusoid through an LTI system with real h(n)

Input
Acos(wyn + D)

* Gain is modified by

* Phase is shifted by

Course: 63744

Response

—{ Hle")
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Frequency response of LTIl system

* LTI system
x(n) = /" —{ H(e!") [—> y(n) = H(e'). """
* Arbitrary input signal as L
a sum of sinusoids X(n) = Z Aicos(a)l.n + ¢i)
i=1
L
* The output signal is the Z Al |H(eja)i)| Cos(a)in + CPI- + 6 (wl))
sum of responses i=1

—

Influence of the system to the i-th component of the signal

Course: 63744 Digital Signal Processing °\
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Frequency response of LTIl system

* LTI system jon , : :
x(n) = e — > H(e”’) > y(n) = H(ejw). el "
* Frequency response H(e’") = Hy(e’”) +jH,(e’")
Hie) = |H(e')]. /"""
* Amplitude response (gain) H(e!”)| =H2(e'”) + H(e”)
. j HI(ejw>
* Phase response (phase shift) 0(w)=<xH e’ ):arctan(H ( Ja,))
<le

Course: 63744 Digital Signal Processing
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Frequency response of LTl system, example

* Derive frequency response, amplitude response, and phase response of the following moving
average filter

1 M-1
= — X n —l M =
M 5
. h(n)
h(n) = {1/5, 1/5, 1/5, 1/5, 1/5] /MO
X L[]
h(n) = M S(n—1) R o—O—s
=0 1112345 6p

* Study the output y(n) for the following cases: Wo=0.17TT W1 =0.51T

Course: 63744 Digital Signal Processing




|
LENTREN ,
University of Ljubljana
Faculty of Computer and
| Information Science

Frequency response of LTl system, example

* Frequency response of moving average filter

© M-1 .
H(e'” )= DTFT[h(n)] = ¥ h(n)e 7"" = = 3 ¢ o
n=-—oo M n=0
; . . T joM
H(efw):ﬁ(1+e_1w+e_]wz+. + —]a)(M—l)):]\Z' ]_1 _ee_Ja)
C (M-1) .
- 1 -jo—5— sin(Mw/2)
H(e'™ )=+ i £ 0
(™) M ° sin(w/2) ’ @
joy _ 1 _
M

Course: 63744 Digital Signal Processing
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Frequency response of LTl system, example

* Frequency response and amplitude response, M =5

_.w(M—l) .
H(ejw)_i e J 2 SIH(MC()/Z)
M sin(w /2)
joy— 1 _
H(e')=—=M, w=0
M
- 1 sin(Mw/2)
H(e'” ) = # 0
H(e™) M sin(w/2) | v

H(e! :iM,w:o
(o)) = -

Course: 63744 Digital Signal Processing
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Frequency response of LTl system, example

* Frequency response and phase response

_ 1 —fw(M;” sin(M w /2)

M sin(w /2)

—J’w(Mz_l) sin(wM/2)
+ X
sin(w/2)

H(a)):<xﬁ+<re

(M—1)

H(w) = — >

w + aT.r

Jumps at sign changes

r=|Mw/2x|

Responseto wo=0.117, wW1=0.51

Course: 63744 Digital Signal Processing
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Frequency response of LTl system, example

* Moving average, M =5

* Input

Jwyn

x(n) = e’ +e

Jwn

w, =017 H(e!")~08e’""
w, =057~ H(e’")

I
o
+

Responseto wWo=0.17, wW1=051 — X ( n)

Course: 63744 Digital Signal Processing
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Frequency response of LTl system, example

* Moving average, M =5

* Input

jwyn jo.n

x(n) = e’™"+e

w,=0.1x > Hle!)~08e/

w, =057 > H(e!)~(-)0.2¢e/""

* Qutput ‘y(n> — f{(ejwﬂ ejwu1+_}{(ejwﬁ ejwm
A\ N, }
W h V
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Frequency response of LTl system

* Example of exam task
Derive frequency, amplitude and phase response of the following LTI system.

Also sketch the amplitude and phase response.

y(n) = x(n) - x(n-1)

(Hint: Derive the impulse response h(n) of the system first)

* Example of exam task
Derive frequency, amplitude and phase response of the following LTI system.

Also sketch the amplitude and phase response.

y(n) = x(n)+ x(n—1)

(Hint: Derive the impulse response h(n) of the system first)

Course: 63744 Digital Signal Processing
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Frequency response of LTl system, example 2,
laboratory

* Derive frequency response, amplitude response, and phase response of an LTI system which is
defined by the following impulse response

h(n) =a"u(n), a=0.6 h(n)
y(n)=ay(n-1)+x(n) o0 T???”’“’-
11 1234567n
* Draw amplitude and phase response when a =0.6
* Calculate values of the output signal, y(n), amplitude of the output signal, H(ej‘”),

and phase of the output signal, 8 (o), in the case of following input signal

x(n) = 5+1ZSin(‘7§tn)—20cos(nn+f)

Course: 63744 Digital Signal Processing
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Frequency response of LTl system, example 2

* Impulse response and frequency response of the system

h(n)
h(n) =d"u(n), a=06 MTT????fpm
11 1234567n
Hie'") = 3 h(n) e = 3 a'uln) ™"

Course: 63744 Digital Signal Processing
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Frequency response of LTl system, example 2

* Frequency, amplitude, and phase response of the system

h(n)
h(n) =d"u(n), a=0.6 HTT??‘P?‘F’&D_
1l 1234567n

1

H(ejw) — i anu —Ja)n i —Ja)

n=—oo n=0 1—ae

1 —acosw— jasinw

2
1 —2acosw + a

H(e™) = 1 - :
J(1—acosw)+(asinw)}? V1—2acosw+ d
0 (w) = — arctan — > %
1 —acosw

Course: 63744 Digital Signal Processing
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Frequency response of LTl system, example 2

* Draw the amplitude and phase response of the system

h(n) =a"u(n), a=0.6

Hle™) = 2 0(w)= — arctan ———%
\/1—2acosa)+a 1 —acosw
0(w)
. B o
| ; N N e
5. @ -
0 T otr  3n  4x 5%

Course: 63744 Digital Signal Processing
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Frequency response of LTl system, example 2

* Determine the output y(n) of the system to the following input signal

x(n) = 5+1251n(§’7n)—20cos(nn+‘7f), (w=0, g, )

For =0, |H(0)| = 1 = 2.5, 6(0)=0° a=0.6
\/1—Za+a2
1
For o=2Z, |H(Z) = = 0.86, 0 (L) = —arctan(a) = —31°
1 e (3] = mareanla)
For o=, |H(x)| = 1—2:0.63, 0(x)=0°
\/1+2a+a
[H(e') = - 0 (w) = — arctan asin o
V1 —2acosw+ a’ - 1 —acosw
N\ N\
- M M
a2
_W-. ]

- : i '. e
Courst 0 a2 T 2n 3 4x o1
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Frequency response of LTl system, example 2

* Determine the output y(n) of the system to the following input signal

x(n) = 5+1251n(§’7n)—20cos(nn+‘7f), (w=0, g, )

1

For w=0, |H(0)|] = - 2.5, 6(0)=0° a=0.6
—2a+a
_ a1 _ Ty _ _ 0
For w = > ‘H(E>‘ " 0.86, 0 (E) = —arctan(a) = —31
For o=m, |H(x)| = \/ﬁ = 0.63, 0(x)=0°
a+a

y(n) = 5[H(0)| + 12 ‘H(’—zt)‘sin[gn+ 3(%)] — 20 |H(n)|cos[nn+f+ 0 ()]

Course: 63744 Digital Signal Processing
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